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Abstract

1 Introduction

The purpose of this document is to (i). make a few notes on [2] and (ii). fill in some of the
gaps in the math that underlies the paper.

2 Logistic Regression

Since Sequence to Sequence Learning [2] uses two LSTMs, one for the input sequence and
one for the output sequence which follow the formulation given in Graves [1]. Figure 1 shows
the structure of the prediction architecture used there. More detail on the architecture
of LSTM cells is shown in Figure 2 (note that this design uses the so-called ”peephole
connections”).

Graves [1] models sequences as a multinomial distribution which can be naturally pa-
rameterized by a softmax function at the output layer. That is, if there are K text classes
in total and class k is read at time t, then xt is a K length vector which is one-hot encoded
(all of its entries are zero except for the kth entry which is one). Hence Pr(xt+1 = k | yt)
is a multinomial distribution:

Pr(xt+1 = k | yt) = ykt =
eŷ

k
t

K∑
k′=1

eŷ
k
k′

(1)
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Figure 1: Deep RNN Prediction Architecture from Graves [1]

Figure 2: Long Short-Term Memory Cell
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2.1 LSTM Activations

it = σ(Wxixt +Whiht−1 +Wcict−1 + bi) (2)

ft = σ(Wxfxt +Whfht−1 +Wcfct−1 + bf ) (3)

ct = ftct−1 + it tanh(Wxcxt +Whcht−1 + bc) (4)

ot = σ(Wxoxt +Whoht−1 +Wcoct + bo) (5)

ht = ot tanh(ct) (6)

One way to understand the behavior of the multinomial distribution and its loss function
L(x) is to see how we compute the required gradients for logistic regression. Recall the
that logistic function σ(x) is defined as follows:

σ(x) =
1

1 + e−x
(7)

We are actually interested in the derivative of σ(x) so that we can compute gradients
for back propagation. Looking forward, note that the softmax classifier, which is used
in [2], is defined as follows:

pj =
eoj

K∑
k=1

eok

(8)

When i = j the derivative of softmax is similar to the derivative of the logistic function,
which why its useful to look at the logistic function.

2.2 Derivative of the Logistic Function

Recall the chain rule for derivatives is

d

dx

[
f(g(x)

]
= f ′(g(x))g′(x))] (9)

Now, let the logistic function σ(x) = 1
1+e−x . Then for purposes of the chain rule we

define
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g(x) = 1 + e−x

f(x) =
1

x

so that σ(x) = f(g(x)) = 1
1+e−x . Taking the derivatives of g and f we get

g′(x) = e−x (10)

f ′(g(x)) = (1 + e−x)−2 (11)

Given these definitions, we have:

dσ(x)

dx
=

d

dx

[
f(g(x))

]
= f ′(g(x))g′(x)

=
e−x

(1 + e−x)2

=
1 + e−z − 1

(1 + e−z)2

=
1 + e−z

(1 + e−z)2
−
(

1

1 + e−z

)2

=
1

(1 + e−z)
−
(

1

1 + e−z

)2

=
1

(1 + e−z)

(
1− 1

(1 + e−z)

)
= σ(x)(1− σ(x))

This result is sometimes written as dyi
dzi

= yi(1− yi).

3 Softmax

The following describes the derivative of the softmax function. Recall that the softmax
function is defined as follows:

4



pj =
eoj

K∑
k=1

eok

When i = j, the softmax function derivative is similar to the derivative of the logistic
function, namely:

∂yi
∂zi

= yi(1− yi) (12)

Since [2] follows the notation and approach outlined in [1], it is useful to understand
the derivation of the derivative of the loss function L(x) defined there.

L(x) = −
T∑
t=1

log yxt+1
t (13)

For the purposes of the derivation, we’ll use

L(x) = −
∑
j

tj log yi (14)

Applying the chain rule gives us

∂L(x)

∂zi
= −∂L(x)

∂yi
· ∂yi
∂zi

(15)

Then the gradient of the loss function ∂L(x)
∂zi

can be derived as follows:

∂L(x)

∂zi
= − ∂L

∂yi

∑
j

tj · log yi

 (yi · (1− yi))

= −tj
∂L
∂yi

log yi · (yi · (1− yi))

= −tj
1

yi
· (yi · (1− yi))

= −(tj · (1− yi))
= yi − tj
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Note that ∂yi
∂zi

is replaced with yi(1− yi) in the above (Section 2.2). Graves [1] uses an
analogous derivation to get the following result:

L(x) = −
T∑
t=1

log yxt+1
t

=⇒ ∂L(x)

∂ŷkt
= ykt − δk,xt+1

(16)
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