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1 Introduction

One of the goals of this note is to prove Theorem 1 of Schulman, J. et al., ” Trust Region
Policy Optimization [I]. This is the proof of the Policy Improvement Bound described
in [I], The proof begins with a lemma from Kakade & Langford [2] that shows that the
difference in policy performance n(7) — n(w) can be decomposed as a sum of per-timestep
advantages.

First, define n(rw) as follows. Let 7 denote a stochastic policy 7 : § x A — [0, 1], and let
n(m) be the expected discounted reward under w. Then define n(r):
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Lemma 1.1 Given two policies m and 7

n(7) = n(m) + Ervz
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where the expectation is taken over trajectories 7 := (sg,ag, s1,a1,---) and the notation
E s [ . ] means that actions are sampled from 7 to generate 7.

Proof. First, recall that the advantage A, (s, a) of an action a in state s is defined as follows:

AW(S, a) = IE‘<5’~P(s’|s,a) [T(S) + ’VVW(S,) - VTF(S)]



From here we can just work out the result:
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1.1 A Bit of Intuition

Another way to see this result:

the first few terms:
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Table 1: Expansion of terms
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# Definition n(m)

—Vz(s0) by expanding
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Notice that in Table[I] the red term at time ¢ minus the blue term at time ¢+ 1 equals zero.
For example, at times ¢ = 0 and t = 1 we have 7V (s1) — 7Vz(s1) = 0. More generally,
at time ¢ we have the term 'V, (s;) and at time ¢ + 1 we have the term 'V, (s;) whose

oo
difference is again zero. So in the limit we are left with Y v'r(s;) — Vi (s0)-
=0

Armed with this result we can now define the expected advantage of 7 over 7 at state s as
A(s) = Equz(s) [A,r(s, a)} . Now Lemma [1.1| can be written as follows:

n(7) =n(m) + Eruz
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and that L.(7) can be written as

Lﬂ' (7?) == 7'~7r
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The difference between n(7) and L,(7) is whether the states are sampled using 7 or 7.

To bound the difference between 7n(7) and L, (%) we need to bound the difference arising
at each timestep. To do this, we first need to introduce a measure of how much 7 and 7
agree. The approach taken in this paper is to couple the policies so that they define a joint
distribution over pairs of actions.
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