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1 Introduction

This document describes an experimental setup that cannot be described in a natural way
by classical physics yet still has a simple quantum explanation [1, [3]. The implication/point
is this that the description of the universe given by quantum mechanics differs in funda-
mental ways from the classical description. In addition, this quantum description is often
at odds with our intuition, which is primarily based on observations of macroscopic phe-
nomena. Not that these observations aren’t an extremely good approximation, they are,
and what’s more they are generally consistent with classical physics.

1.1 Preliminaries: Linear Algebra Formulation of the Circuit Model

In this section we take a brief look at the circuit model of computation. The model is
described in terms of vectors and matrices. So suppose you are given a description of
a circuit like the one shown in Figure [1| along with some specification of some input bit

Figure 1: A curcuit of depth 5 and space 4 with 8 gates
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values. If you were asked to predict the output of the circuit, you might trace through
the circuit from left to right, updating the values of the bits stored on each of the wires
after each gate. In other words, you would follow the state of the bits on the wires as they
progress through the circuit. For a given point in the circuit then, we can refer to the state
of the bits on the wires at that point in the circuit simply as the state of the computation
at that point. Importantly, the memory of the circuit is the state of the wires, and the
gates are transformations on that state.

Given this model, we can conceptualize the state associated with a given point in a deter-
ministic circuit by listing the values of the bits on each of the wires in the circuit. The
state of any particular wire at a given point in a circuit, of course, is just the value of
the bit on that wire (0 or 1). For a probabilistic circuit, however, this simple description
is not enough. In particular, consider a single bit that is in state 0 with probability pg
and in state 1 with probability p; (where po + p1 = 1). We can represent this state by a
2-dimensional vector of probabilities:
()
b1

Note that this description can also be used for deterministic circuits. A wire in a deter-
ministic circuit whose state is 0 could be specified by the probabilities pg = 1 and p; = 0,
and the corresponding vector

1

0

Similarly, a wire in state 1 could be represented by the probabilities pg = 0, p; = 1, and

the vector
0
1

Since the standard representation the states of wires (or collections of wires) in a circuit
is by vectors, we will also want to represent gates in the circuit by operators that act on
these state vectors. Hence these operators are most conveniently described by matrices.
Consider, for example, the logical NOT gate. We would like to define an operator (matrix)
that behaves on state vectors in a manner consistent with the behavior of the NOT gate.
If we know a wire is in state 0 (so pg = 1), the not gate maps it to state 1 (so p; = 1), and
vice versa. In terms of the vector representations of these states, we have

o (3



Similarly,

1 0
vor (5) = (1)
The next step is to characterize the transformation (gate) as a matrix. In the case of the
NOT gate, we have

/01
vor= (0)

So now if we want to apply the NOT gate to a wire in a given state, we multiply the state
vector on the left by the matrix representation of the NOT gate:

vor ()= (3 o) ()

Now we want to describe the state associated with a given point in a probabilistic circuit
having two wires. Let the state of the first wire at the given point be 0 with probability
po and 1 with probability p; and the state of the second wire at this point be 0 with
probability ¢o and 1 with probability g;. The four possibilities for the combined state of
both wires at the given point are {00,01,10,11}, where the binary string ij indicates that
the first wire is in state i and the second wire in state j. Then the combined state of both
wires can be described by the column vector of probabilities:

Podo
Poq1
P19o0
P1q1

What this is setting up is that the state is really the tensor product of the 2-dimensional
vectors for the states of the first and second wires:

Poqo

podi | _ <p0> . <q()>
P1qo0 Y41 q1

p1q1



1.2 Aside: The Dirac Notation

The Dirac Notation, also known as bra-ket notation, was invented by Paul Dirac for use in
quantum mechanics [2]. The problem Dirac faced was that, while column vector notation
is ubiquitous in linear algebra, the standard notation was often cumbersome in quantum
mechanical derivations. This is especially true when dealing with both inner and outer
products (e.g., with multiple qubits). For example, when we define ¢ to be a vector it is
not clear whether ¢ is a row or a column vector. Similarly, if ¢ and ¢ are vectors then it
is equally unclear if ¢ is even defined because the shapes of ¢ and i may be unclear in
the contexlﬂ Beyond the ambiguity about the shapes of vectors, expressing even simple
vectors using the linear algebraic notation introduced earlier can be very less elegant. For
example, if we wish to describe an n-qubit state where each qubit takes the value 0 then

® ®
O T 0

So one of the problems here is that evaluating this tensor product is impractical because the
vector lies in an exponentially large space. So maybe this notation is the best description
of the state that can be given using the previous notation (it is really speculation; I have
no idea how one would prove such an assertion). In any event, Dirac’s approach was to
define a new notation that is designed to fit the needs of quantum mechanics.

1.2.1 Preliminaries

In order to confront both the bulky notation of linear algebra (at least when applied to
quantum mechanics use cases) and the ambiguity posed by standard vector notation, Dirac
proposed a new notation for two kinds of vectors frequently used in quantum mechanics:
a "ket” vector, denoted |a), and a "bra” vector, which is denoted (a|. The naming comes
from the fact that when put together they form a ”bralc]ket” or inner product. So if If ¢
is a column vector then we can write it in Dirac notation as |¢), where the |-) denotes that
it is a unit column vector, i.e., a ket vector. Similarly, the row vector 9! is expressed as
(¢|, where YT is obtained by applying entry-wise complex conjugation to the elements of
the transpose of ¢ (more on this below). The bra-ket notation also implies that (| 1)) is
the inner product of vector ¢ with itself, which is by definition 1.

The ket vector can be represented as a column vector:

'Recall that matrix multiplication is only defined when the number of columns of the first matrix (vector)
is equal to the number of rows in the second matrix.
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Figure 2: Complex conjugates. Image courtesy Wikipedia.

ai
|a) =

an,

where n is typically three or four (representing the dimensionality of space or space-time)
and a; is a complex number, namely a; € C.

Similarly, a bra vector can be represented as
(a| = (af a5 ... a})

where a] is the complex conjugate of a;. That is, if z is a complex number, it can be written
as z = = + iy, where z,y € R and i = v/—1. Then the complex conjugate of z, denoted z*
where z* = x — 4y, is the reflection of z around the real axis. This is depicted in Figure
(note that z = z* in Figure [2).
The modulus of z, denoted as |z|?, is the length of the directed line segment drawn from
the origin of the complex plane to the point (z,y). This directed line segment is also the
vector that represented by x + iy, so the modulus of a complex number is the same thing
as the magnitude (or length) of the vector representing z. As a result |z|? = 22 + %2 by the
Pythagorean Theorem. This also means that |z|* = |2*|2.



Another interesting property of z is that if you multiply z by its complex conjugate z* you
get

22" = (2 + iy)(z — iy)
— 224y
Note also that the complex conjugate of some z € R is simply x. That is, for x € R,
=z

Now we're ready to do some arithmetic. Consider first that |a) + |b) = |¢). Why? We can
see this (without loss of generality) in three dimensions:

ar b1 ay + by
ay | + b2 | = |az+b2
as bg as + b3

ket vectors, being column vectors, follow basic linear algebra properties, such as

a aay
ala)y=ala | = | aay
as aag

Now, what happens if you multiply a bra vector by a ket vector? That is, (a|b)? Here the
brackets indicate the inner product. In our three dimensional example, we get

b1
(alb) = (a} a3 a3) [ by | = ajbi + a3bs + albs
b3

Similarly, (bla) = biay + byas + biasz. What about (bla)*? Well, since (bla)* = bya} + baal +
bsa} and multiplication is commutative in C we see that (bla)* = (al|b).

Now lets look at operations on a square matrix M. Suppose that M is a 3 x 3 matrix.
Then we can write M as the matrix of elements m; ;, where m; ; is the element in the ith
row and j™ column, as follows

mi1 miz  Mi3
M = | ma1 mo2 mo3
m31 M3z M33



What about M*? Well this is just

The transpose of a matrix M, M" is defined as

mi1 M21 Ma3i

T
M* = | mi2 maz ma3z
mi3  M23 M33

Essentially the transpose of a matrix is the reflection around the diagonal. Another im-

portant matrix, M, is the combination of the transposition and the complex conjugate.
That is

* * *

myp Mgy M3y

M= Mmiy My M3y
* * *

M3 Mgz Mg3g

In the case where M = MT, M is called Hermitian. For a (somewhat contrived) example

suppose
1 1+ 1
M=
<z—1 3 >

To find MT, we first take the transpose of M

1 -1
T _
M _<i+1 3)

and then take the complex conjugate, resulting in

1 i+l
t_
M_(i—l 3)

or just M. So we can see that in this case, M = MT | that is, M is Hermitian.



Next we want to ask what happens if we have a matrix times a ket vector, that is, M |a).
An example in two dimensions would look like

M _[m11 M2 a1\ _ (miia1 +miga2
ja) = = = le)
ma1 Moz /) \a2 ma1a1 + M22a2
But what is |¢)? We need to define a few other matrices in order to answer this question.

First, the Identity matrix I (three dimensional in this case) is

O = O
= O O

Another important matrix, Unitary matrix U is a matrix that has the interesting property
that UUT = I. U is a matrix such that U is the inverse of U. A few other operations will
become important later. These include the determinant of M in the 2 x 2 matrix case is

Det M = |* b):ad—bc
c d
10
Detl_‘o 1‘_1-1—0.0_1

The Trace of a matrix Tr M is defined as the sum of the elements on the main diagonal.
So if for example M is two dimensional

TerTr(a b):a+d
c d

Back to the case where M is a Hermitian matris?l In this case we call the matrix H
(instead of M). So what is H |a)? Well, kind of amazingly

Hla) = \a)

21f M = M, M is Hermitian.



where |a) is an eigenvector and X is an eigenvalue. In words: A Hermitian matrix acting
on a ket vector produces the same ket vector scaled by a real number A € R.

Hermitian Eigenvector Eigenvalue

Matrix \ N Math
H |a) = )\ |a)
LN

Observable System State Result of Physics
Measurable measurement
Experiment

Figure 3: Mathematical and physical interpretations of H |a) = A |a)

Looking ahead, the Hermitian matrix (operator) H will represent something that is ob-
servable or measurable, i.e., an experiment, the eigenvector |a) represents the state of the
system and the eigenvalue A € R represents the actual outcome of the measurements. This
is illustrated (I hope) in Figure

1.3 Review: Orthonormality, Completeness, and Projection

As we saw above, unitary matrices are matrices which satisfy

Ul=uf (1)

Unitary matricies are ubiquitous and important in quantum mechanics, in particular be-
cause they have the following unique and useful properties: Orthonormality, Completeness,
and Projection. We’ll briefly look at each of these belowﬂ

1.3.1 Orthornomality

We can rewrite Equation [] as

31 will use the notation (xl . :cn)T and [wl . xn]T interchangably in the following discussion.



U'u=I (2)

where I is the identity matrix. What Equation [2] is really telling us is that the columns of
the matrix U form a set of orthnormal vectors.

Note that we can interpret a matrix as a row vector where the entries are the columns v;

of U. That is

U:[Vl Vo ... VN]

Similarly, U~! can be written as a column vector where the entries are the row vectors V;r:

T
1
u-l—ut= | V2
T
VN
Now we can see that
_V—{
vy
UTU: X [Vl Vo ... VN]
i
LV
vI-vl VJ{-VQ VJ{'Vg VJ{'VN
vg-vl vg-VQ vg-v;:, vg-vN
= V;E)-Vl Vg;'VQ V;E'V3 V;[))-VN
_vjv-vl V}LV'VQ V}L\,-v?, V;[V-VN_

or in Dirac notation

10



Vi
VT
Uiu = :2 [Vl vy ... VN]
ol
VN
[ (v1]
_ <”:2’ lor) Joa) ... |ow)]
(v ]
[(vifvr)  (vifv2)  (vifvs) ... (vilow) ]
(valv1)  (v2lva)  (valvs) ... (v2luw)
— | (vslvr)  (vslva) (vslvs) ... (vslow)
(owlor) (onlos) (onlos) .. (onfon)]
1 0 0 . 0
01 0 . 0
— (0 0 1 . 0
0 0 0 1]

Note here that (v;|v;) =1 (the v; are unit vectors) and (v;|v;) = 0 for i # j (v; and v; are
orthogonal). In quantum mechanics two states v; and v; are said to be distinguishable or
measurable if they are orthogonal, that is, if (v;|v;) = 0.

Another way to say this to notic that since (UTU);; = (U~'U);; = 4,5, the columns of
U can be written as the inner product (v;|vj) = d;;. Said another way, the vectors v; form
an orthonormal set. In particular, if V = {v;} is an orthonormal set, then for v;,v; € V,
the inner product (v;|v;) = d;;.

1.3.2 Completeness

From UTU = I we saw that we could derive orthonormality. But we also expect that
UU' = I. Tt turns out that we can get something interesting by observing this. In
particular

1 wheni=j

15,; is the Kronecker Delta function [, 6;; = { 0 when i j

11



(ol
(va
UUT = [[o1) Joa) [ug) ... [ow)] | (vsl| =1
L(on]]
If we multiply this out, we find that
N
[o1) (w11 + [v2) vzl + -+ o) o] = 3 i) il = 1 (3)
i=1

Equation |3| is known as the completeness relation. Completeness turns out to be useful
and is a sort of flip-side of orthonormality. While orthonormality is kind of an ”inner
product” (UTU), completeness is like an outer product in that UUT is a sum over i of
|v;) (vi]. Interestingly, the trace of the outer product of two n x 1 column vectors a and b

is Tr(|a) (b]) = (alb).

1.3.3 Projection

To get an idea of what projection is all about, consider the expansion of a vector into
components in a basis:

N
jw) = wilv) (4)
=1

Now, if the set of vectors basis vectors {v;} are orthonormal, then we know that

w; = (v;|w)

and substituting back into Equation {4 we get

N
|w) = Z (vilw) vi)

(2

Interestingly, there is another way to derive this result: use the completeness relation,
which is simply a fancy but useful way to write I:

12



N N
jw) =1 |w) = (Z |vi) <Uz'|> [w) = fvi) (vilw)

=1 =1

In words, we were able to use the completeness relation to project a vector onto its com-
ponents in a particular basis.

For example, we know that for vectors |a) and |3), we can take the inner product between
them by using their components in a basis {v;}:

N
@By = aib
=1

where a; = (v;Ja) and b; = (v;|8). Interestingly, we can again derive this using the
completeness relation:

(a|B) = (a|1]B) # (a|B) = (a] |B) = (a|1]B)
N N

= (o] <Z |v;) <vi|> 13) 7 Z [v;) (vi| =1 (Equation D
N =1 =1

= (a|vi) (vil B) # rearrange
2;\[1

= (vila)™ (vi] B) # (alb) = (bla)” so (a|v;) = (vi|a)*
1;1

= aib; #a = (vi|a)* and b; = (vi]6)
=1

13



1.4 Photon Polarization Examples

We know from experimental evidence that ... TBD

+ B
A

s ()

Classical Physics: The probability of
photons getting through the second
45¢ filter is cos? (§) where 6 is ; So

) = 5=os

which is consistent with experimental
observation: 50% of the polarized
photons make it through the second

5
! filte
\lrf iter.
I 0 1
Unpolarized light (1) V2

In Dirac Notation

2 v

. . . . . 1 1 0 14
45° 1 90°Y 12 = (45° | 90°) (45° | 90°)* = I, I
(45° | 907) | = (45° | 90%) (45% | 90%) _((.ﬁ' g)(l)) _(»’E)

(457 90°) [* = (45 90°) (45° | 90°)" = <(¢1§12> (
Here
10) = (g) =alz)+Bly)
where

and the basis vectors |z) and |y) are



These basis vectors can be thought of as a vector <§> where x is the projection of a vector

r on to the x axis and y is the projection of r on the y axis. This is depicted in Figure

1y X, )

y

6 .

“H

Figure 5: Two Dimensional Space

Back to our example: here the matrix representation of (ag |0) + a1 |1)) + (8o ]0) + 51 [1))
is the tensor product

aofBo

ap Bo\ | «wb
<a1> © <51> | abo

a1 41

1.5 The Hadamard Transform

As mentioned above, a unitary matrix that acts on a small number of qubits is often
called a gate, in analogy to classical logic gates like AND, OR, and NOT. Two simple but
important 1-qubit gates are the bit-flip gate X (which negates the bit, i.e., swaps |0) and
|1)) and the phase-flip gate Z (which puts a — in front of |1)). The 2 x 2 unitary matrix
representations of X and Z are

15



Another important 1-qubit gate is the phase gate R4, which rotates the phase of the |1)-
state by an angle ¢ such that

Ry0) = [0)
Ry|1) = ¢ 1)

This corresponds to the unitary matrix

1 0
Ry = (O ei¢>

Interestingly Z is a special case of Ry: Z = R, since by Euler’s identity em = —1.

Possibly the most important 1-qubit gate is the Hadamard transform, specified by:

1 1
H|O>:\ﬁ|0>+ﬁ’1>

1 1
H|1>:\ﬁ|0>—ﬁfl>

The (unitary) matrix representation of Hadamard transform is then
1 /1 1
H=—
a0 )

If we apply H to initial state |0) and then measure, we have equal probability of observing
|0) or |1). Similarly, applying H to |1) and observing gives equal probability of |0) or |1).

However, if we apply H to the superposition % |0) + % |1) we get |0), since

o) = 2100+ = 1)

)= 210~ 2= )
H(Z=10)+ == 1) = 5(0) + 1)+ 5(0) = 1) = o)
H(=10) = 2= 1) = 5(0) + 1) = 5(0) = 1) = |1

16



What has happened here is that the positive and negative amplitudes for |1) have canceled
outﬂ This effect is called interference, and is analogous to interference patterns between
light or sound waves. We will see this again in Section [3]

Finally, notice that one application of the Hadamard gate to either a 0 or 1 qubit will
produce a quantum state that, if observed, will be a 0 or 1 with equal probability. This
is exactly like flipping a fair coin in the standard probabilistic model of computation.
However, if the Hadamard gate is applied twice in succession, then the final state is always
the same as the initial state. This would be like taking a fair coin that is showing heads,
flipping it twice, and it always landing on heads after the second flip.

1.6 One More Example: CNOT

We can also represent gates acting on more than one wire. For example, consider the
controlled-not gate, denoted CNOT. This is a gate that acts on two bits, labelled the
control bit (c¢) and the target bit (¢). The action of the gate is to apply the not operation
to the target if the control bit is 0, and do nothing otherwise (the control bit is always
unaffected by the CNOT gate). Equivalently, if the state of the control bit is ¢, and the
target bit is in state t the CNOT gate maps the target bit to ¢t @ ¢ (where @ represents
the logical exclusive-or operation, or addition modulo 2). The CNOT gate is illustrated in

Figure [6]

1000
CNOT = 0100
10001
0010
c o c
¢ | cat

Figure 6: The reversible CNOT gate flips the value of the ¢ iff the control bit ¢ =1

Consider a pair of wires such that the first wire is in state 1 and the second in state 0. This
means that the 4-dimensional vector describing the combined state of the pair of wires is

5This also means that H is its own inverse.

17



()

(=R )

We now want to apply the CNOT gate to a pair of wires shown in Equation [5| where
we interpret the first wire as the control bit and the second as the target bit. From the
description of the CNOT gate, we expect the result should be that the control bit (first
wire) remains in state 1, and the target bit (second wire) flips to state 1. That is, we
expect the resulting state vector to be

0

0

0

1

That is

0 1 0 0 0\ /0 0
of _|o 1o offo] |[o
CNOT1:0001 11710
0 001 0/ \o 1

2 Beam Splitters

Suppose we have an experimental setup consisting of a photon source, a beam splitter
(which was once implemented using a half-silvered mirror), and a pair of photon detectors.
This is the classic beam splitter setup, and is illustrated in Figure

Suppose we send a series of individual photons along a path from the photon source towards
the beam splitter. We observe the photon arriving at the detector on the right on the beam
splitter half of the time, and arriving at the detector above the beam splitter half of the
time, as illustrated in Figure Perhaps the simplest way to explain this behavior in
a theory of physics is to model the beam splitter as effectively flipping a fair coin, and
choosing whether to transmit or reflect the photon based on the result of the coin-flip,
whose outcome determines whether the photon is transmitted or reflected. This is very
similar to the behavior of a probabilistic Turing machine.

Now consider a modification of the setup shown in Figure [7] with a pair of beam splitters
and fully reflecting mirrors to direct the photons along either of two paths as shown in

18
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Figure 7: Experimental setup with one beam splitter

Figure[d] where the paths are labelled 0 and 1. This setup is the famous the Mach-Zehnder
interferometer [5] It is important to note that the length of paths 0 and 1 are equal, so the
photons arrive at the same time, regardless of which path is taken.

By treating the beam splitters as independently deciding at random whether to transmit
or reflect incident photons, classical physics predicts that each of the detectors will register
photons arriving 50 per cent of the time, on average. Here, however, the results of exper-
iments reveal an entirely different behavior. However, what we find is that the photons
arrive at only one of the detectors, 100 per cent of the time. This is shown in Figure
But why?

The result of the experiment shown in Figure[10|is at the very least counter-intuitive, largely
because it does not agree with our classical intuition. However, quantum physics models
the experiment in a way that correctly predicts the observed outcomes. The non-intuitive
behavior results from features of quantum mechanics called superposition and interference.
Let’s take a look at a framework that can explain the results of this experiment.

First, let’s suppose that the second beam splitter were not present in the apparatus. Then
the photon follows one of two paths (according to classical physics), depending on whether
it is reflected or transmitted by the first beam splitter. If it is transmitted through the
first beam splitter, the photon arrives at the top detector, and if it is reflected, the photon
arrives at the detector on the right. We can consider a photon in the apparatus as a 2-
state system, letting the presence of the photon in one path represent a 0 and letting the
presence of the photon in the other path represent a 1.

Following our approach with classical circuits, we denote the state of a photon in path 0

19
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Figure 8: Experimental setup with one beam splitter

by the vector

and a photon in path 1 by the vector
0
1

By convention, the photon leaving the source starts out in the 0 path. In a classical
description, we model the beam splitter as randomly selecting whether the photon will
continue along the 0 path, or be reflected into the 1 path. According to the quantum
mechanical description, the beam splitter causes the photon to go into a superposition of
taking both the 0 and 1 paths. Mathematically, we describe such a superposition by taking
a linear combination of the state vectors for the 0 and 1 paths, so the general path state
will be described by the vector shown in Equation

If we were to physically measure the photon to see which path it is in, we will find it in path
0 with probability |ag|? and in path 1 with probability |a1|?. Measuring a superpositiorﬂ
|¢) = |0) + a1 [1) + -+ a;|j) +- - + an|n— 1) collapses it into an observed state |j),
where the probability of observing state |j) is |o;|%. Thusﬂ

5Quantum mechanics requires that the superposition of states be a linear combination.
"Note that the absolute square of a complex number z, |z|?, is defined to as follows: |z|> = zZ where Z
denotes the complex conjugate of z and |z| is the complex modulus.

20
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Figure 9: Experimental setup with two beam splitters: the Mach-Zehnder interferometer

n—1
Sl -1
=0

That is, if we measure |¢) we will observe the n-bit state state |j) with probability |a;|?.
In our example, |ag|? + [a1|? = 1 and

ofo) v ()= ()

2.1 A Little More on Superposition

Consider some physical system that can be in N different, mutually exclusive classical
states. Call these states [0),]2),---,|N —1). A classical state is a state in which the
system can be found if we observe it (with some details). A pure quantum state (usually
just called state) |¢) is a superposition of classical states, writte

[¢) = a0 [0) + e [1) +---+ay1 [N —1)

Here «; is a complex number called the amplitude of |i). Intuitively, a system in quantum
state |¢) is in all classical states at the same time (!). In particular, it is in state |0)

84) is the ket part of the Dirac bra-ket notation.
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with amplitude «yp, in state |1) with amplitude o7, and so on. Mathematically, the states
|0),---,|N — 1) form an orthonormal basis of an N-dimensional Hilbert space (i.e., an N-
dimensional vector space equipped with an inner product) of dimension N, and a quantum
state |¢) is a vector in this space.

2.2 Quantum Memory

In classical computation, the unit of information is a bit, which can be 0 or 1. In quantum
computation, this unit is a quantum bit (qubit), which is a superposition of 0 and 1.
Consider a system with 2 basis states, call them |0) and [1). We identify these basis states

with the vectors (é) and <(1)> respectively. As mentioned above, a single qubit can be

in any superposition |¢) = ag|0) + a1 |1) with |ag|? + |a1|> = 1. This latter condition is
sometimes called the normalization constraint. Again, |ag|? is the probability of finding
the qubit in state |0). Similarly, |a1|? is the probability of finding the qubit in state |1).

Finally, it is worth noting that a complex amplitude e can be decomposed into the (unique)
product e?|a|, where |a| is the non-negative real number corresponding to the magnitude

of i, and e = ﬁ has norm 1. 6 is known as the phase and €% is the phase factor. What is

important about this is that the state vector described by e |1) is equivalent to the state
vector described by |¢) where e is any complex vector with unit norm. For example, the
state |0) 4 |1) is equivalent to the state vector described by e |0) 4 % |1).

A single qubit ”lives” in the vector space C2. Systems of more than 1 qubit "live” in the
tensor product space of several qubit systems. For example, a 2-qubit system has 4 basis
states: [0) ® |0), [0) ® |1), |1) ®]0), and |1) ® |1). Here |1) ® |0) means that the first qubit
is in its basis state |1) and the second qubit is in its basis state |0).

More generally, a register of n qubits has 2™ basis states, each of the form
1b) @ |b)y ® -+ ® |b),,_, , with b; € {0, 1} (6)

We can abbreviate all of this as |bgbs - - - b,—1). In addition, since bit strings of length n
can be viewed as numbers between 0 and 2™ — 1, we can also write the basis states as
|0),]1),]2),---]2™ — 1). Thus a quantum register of n qubits can be in any superposition

¢

2" —1
[6) = a0 [0) + a1 [1) + -+ agn_1 [2" — 1) where Y |a;|* =1
=0
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3 Getting back to the experiment...

Lets call the beam splitter ”gate” Mpg. Then

ag) = Mps () = lir 721\ (0
(%} aq r12 too ) \ a1

where t;; and r;; are the amplitude transmission and reflection factors to and from the
different ports of the beam splitter. Rearranging the complex coefficients ¢;; and r;; yields

()

where i = v/—1 and ¢ is an arbitrary phase constant usually set to zero.

Hence both of the transmitted light beams undergo a phase-shift of § while the reflected
beams are unaffected. In summary, when the photon passes through the beam splitter, we
multiply its state vector by the splitter matrix

5

Since we stipulate that the photon starts out in path 0, after passing through the first
beam splitter it comes out in state

A0 D050
5050

This result corresponds with the observed behavior that after going through the first beam

splitter, we would measure the photon in path 0 with probability |%\2 = % and in path 1

with probability |ﬁ\2 =1

However, if we do not measure which path the photon is in immediately after it passes
through the first beam splitter, then its state remainsﬂ

9Note that <a0> is alternate notation for {ZO}

a1 1
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Figure 10: Experimental setup with two beam splitters

50

Now (finally getting to the result), if the photon is allowed to pass through the second
beam splitter before making any measurement of the photon’s path its new state vector is

G0 0)-6)

If we then measure the path of the photon after the second beam splitter (e.g. by the
detectors shown in Figure @, we find the photon on 1 path with probability |i|*> = 1 and
path 0 with probability [0]> = 0 (recall that |ag|? + a1|?> = 1). Thus we expect that when
we measure the photon after the second beam splitter it will be entirely on path 1, which
is what we observe in experiments like the one illustrated in Figure

Finally, the quantum mechanical interpretation of all of this is that the second beam splitter
has caused the two paths (that were in superposition) to interfere, resulting in cancelation
of the 0 path.
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