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1 First up: does this series converge?

Here we’ll use the ratio test for convergence [2] and so we want to think of S as
oo
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n=1

where a,, = (%)n
. The ratio test tells us that
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The usual form of the ratio test uses the limit L = lim
n—oo

1. If L < 1 then the series converges absolutely.

2. If L > 1 then the series diverges.

3. If L =1 (or the limit doesn’t exist) then the test is inconclusive.

To apply the ratio test we want to compute the following limit:
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L = lim
n—oo

a
Since lim ¢ = ¢ for constant ¢ and since — is a constant with respect to n we see that the limit L is

n—oo b
a n+1
L= lim 7(b)n — lim % =%
n—o00 (%) n—oo | b b

of the ratio test we know that S converges absolutely.

If a < b then % < 1 and so by clause
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2 Ok, S converges. What does it converge to?

Since we know that S converges absolutely when a < b, here is one way to think about the question:
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S = > (4)" # definiton of S (Equation (1))

= B HE @) # expand §

= (&)s=() B+ @+ @)+ -] 4 multiply both sides by (2)

= (b).S=1+ {(%)1 (2?1 () + } # multiply through on right side

= (2)-S=1+8 # definition of S

= (2).5-5=1 # subtract S from both sides

= (g).sf(%).szl # multiply S by 1= ¢

= S~[§—%]:1 # factor out S

= 5[] =1 # simplify

= §= # multiply both sides by ;2
So 5 = il(%)” — % where a,b € N and a < b.

For example, if we let a = 1 and b = 2 then (%)n = ﬁ = 1. Similarly, if @ = 1 and b = 3 then
n=1
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3 S is a Geometric Series

As pointed out by John Carlos Baez (@johncarlosbaez@mathstodon.xyz), S does not depend on a or b, but
rather only on x.
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More specifically, we can see that S = >~ x™ is a geometric series with a first term of z and a common ratio
n=1

of x. The general form of a geometric series is given by [I]:

S=a+ar+ar’+ar®+...
In this case, a = «x is the first term of the series, and r = z is the common ratio.

The sum of an infinite geometric series is well known and can be calculated using the formula:




for |r| < 1. If we then substitute ¢ = z and r = = into Equation we get:
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So we can see that for S to converge, we need |z| < 1. If |x| > 1 the series diverges and does not have a
finite sum.

oo
Summary: S = ) 2" = ;% for [z| < 1. Otherwise, as we saw above, the series does not converge.
n=1

Finally, if z = ¢ then for |z| <1

S = 1 # Equation
-
a
_ b o
= 1 a # set x = %
a
= bfa # get a common denominator
b
a b
= 3 # multiply by 1 = %
—a 5

So we see that if we set z = ¢ then S = ;- when a < b. This is the result that we saw in Section
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